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Linear inequality

a1x1 + a2x2 + . . .+ anxn ≥ b

Example:

3x1 + 6x2 ≥ 6
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Linear inequality in vector form


a11 a12 . . . a1n
a21 a22 . . . a2n
...

am1 am2 . . . amn


︸ ︷︷ ︸

A


x1
x2
...

xn


︸ ︷︷ ︸

x

≥


b1
b2
...

bm


︸ ︷︷ ︸

b

Ax ≥ b
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Solution set is convex—polyhedron/polytope

Ax ≥ b
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Linear programming (LP) problem

minimize cTx
subject to Ax ≥ b

Primal form

minimize cTx
subject to Ax = b

x ≥ 0

Dual form

maximize bTy
subject to ATy ≤ c

6 / 39



What is a linear matrix inequality (LMI)?

F0 + F1x1 + F2x2 + . . .+ Fmxm︸ ︷︷ ︸
F(x)

� 0,

where
Fi = FT

i ∈ Rn×n, i = 0, 1, 2, . . . ,m

and
F(x) � 0 (also F(x) > 0)

reads that F(x) is positive definite.
Can also have the nonstrict inequality F (x) � 0 (or ≥) for positive
semidefinite.
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Positive definiteness of a matrix

A � 0 ⇔ xTAx > 0, ∀x ∈ Rn\0

Only symmetrix matrices

xTAx = 1
2xTAx +

(1
2xTAx

)T

= xT
(

A + AT

2

)
x

A � 0 ⇔ λi(A) > 0, i = 1, . . . , n

A � 0 ⇔ all leading principle minors positive
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Example of an LMI

1 0 0
0 2 −1
0 −1 2

+

1 0 0
0 0 −1
0 −1 0

 x1 +

0 0 1
0 0 0
1 0 0

 x2 � 0

x1 + 1 0 x2
0 2 −x1 − 1
x2 −x1 − 1 2

 � 0
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Example of an LMI – solution set is convex
Leading principal minors

d1 = x1 + 1.0 > 0
d2 = 2x1 + 2 > 0
d3 = −x3

1 − 3x2
1 − 2x2

2 + x1 + 3 > 0
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Semidefinite program (SDP)

Linear optimization with LMI constraints

minimize
x∈Rn

cTx

subject to F0 + F1x1 + F2x2 + . . .+ Fmxm > 0
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Matrix variables in LMI

In control we prefer the matrix form

F0 + G1X1H1 + G2X2H2 + . . .+ GkXkHk � 0
Xi � 0, i = 1, . . . , k.

12 / 39



Concatenation

LMIs can be concatenated

F0 + G1X1H1 + . . .+ GkXkHk � 0
J0 + K1X1L1 + . . .+ KkXkLk � 0

can be written as[
F0 0
0 J0

]
+
[
G1 0
0 K1

]
X1

[
H1 0
0 L1

]
+. . .+

[
Gk 0
0 Kk

]
Xk

[
Hk 0
0 Lk

]
� 0
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Semidefinite programming in matrices

Primal form

minimize 〈C,X〉
subject to 〈Ai ,X〉 = bi , i = 1, . . . ,m

X � 0,

where 〈C,X〉 = Trace(CTX).
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Software for LMI and SDP
Solvers
• Sedumi http://sedumi.ie.lehigh.edu/
• SDPT3

https://blog.nus.edu.sg/mattohkc/softwares/sdpt3/
• SDPA http://sdpa.sourceforge.net/
• CSDP https://github.com/coin-or/Csdp
• . . .

Interfaces
• Yalmip (Matlab) https://yalmip.github.io/
• CVX (Matlab) http://cvxr.com/cvx/
• CVXPY (Python) https://www.cvxpy.org/
• Convex.jl (Julia)

https://github.com/JuliaOpt/Convex.jl
• JuMP.jl (Julia ) https://github.com/JuliaOpt/JuMP.jl
• . . .
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Types of LMI/SDP problems

• LMI feasibility problem
• linear optimization problem
• generalized eigenvalue problem

16 / 39



LMI feasibility problem

F(X1,X2, . . . ,Xk) � 0
X1,X2, . . . ,Xk � 0
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Asymptotic stability of an LTI system

Asymptotic stability of an LTI system

ẋ(t) = Ax(t)

amounts to asking if there is

X = XT � 0

solving the Lyapunov equation

ATX + XA = −Y

for some

Y = YT � 0.
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Asymptotic stability of and LTI system

Can be formulated as an LMI feasibility problem

ATX + XA ≺ 0
X � 0.

[
X 0
0 −ATX− XA

]
� 0.
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In Matlab using Yalmip

A = [−1 2;−3 −4];
X = sdpva r ( 2 , 2 ) ;

C = [X >= I , A’ ∗X+X∗A <= −I ] ;

s o l v e s d p (C ) ;

>> X _ f e a s i b l e = doub le (X)
X _ f e a s i b l e =

4.4811 0 .2602
0 .2602 2 .2100

>> e i g ( X _ f e a s i b l e )
ans =

2.1806
4 .5105
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In Matlab using CVX

A = [−1 2;−3 −4];

cvx_beg in sdp
v a r i a b l e X( n , n ) symmetr ic
A’ ∗X + X∗A <= −eye ( n )
X >= eye ( n )

cvx_end

>> X
X =

3.7179 0 .3650
0 .3650 1 .6490

>> e i g (X)
ans =

1.5865
3 .7804
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Quadratic stability of a polytopic system

Linear time-varying system

ẋ(t) = A(t)x(t),

where

A(t) =
k∑

j=1
αj(t) Aj

and
k∑

j=1
αj(t) = 1, αj(t) ≥ 0 ∀t ∈ R.
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Quadratic stability of a polytopic system

Finding Lyapunov function for all possible (infinite number, even
uncountable number of) matrices A(t) =

∑k
j=1 αj(t) Aj?

Checking stability of the vertices enough.
But single Lyapunov function (matrix) searched for


X
−AT

1 X− XA1
−AT

2 X− XA2
. . .

−AT
k X− XAk

 � 0
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LMI linear optimization

minimize
X1,X2,...,Xk

f (X1,X2, . . . ,Xk)

subject to F(X1,X2, . . . ,Xk) � 0
X1,X2, . . . ,Xk � 0

24 / 39



LP as an SDP

minimize
x∈Rn

cTx

subject to Ax + b ≥ 0.


a11 . . .

a21 . . .

. . .

. . . am1

 x1+. . .+


a1n . . .

a2n . . .

. . .

. . . amn

 xn+


b1 . . .

b2 . . .

. . .

. . . bm

 � 0
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Schur complement

For
M =

[
A B

BT C

]
Schur complement of M with respect to A is

M/A = C− BTA−1B

and Schur complement of M with respect to C is

M/C = A− BC−1BT

M � 0 ⇔ A � 0 & C− BTA−1B � 0

M � 0 ⇔ C � 0 & A− BC−1BT � 0
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QP as an SDP

minimize (A0x + b0)T(A0x + b0)− cT
0 x− d0

subject to (Ax + b)T(Ax + b)− cTx− d ≤ 0.

minimize
x∈Rn, γ∈R

γ

subject to
[

I A0x + b0
(A0x + b0)T cT

0 x + d0 + γ

]
� 0[

I Ax + b
(Ax + b)T cTx + d

]
� 0
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Minimizing the maximum eigenvalue

minimize
x∈Rn

λmax(A(x))

subject to B(x) � 0

minimize
λ∈R, x∈Rn

λ

subject to λI− A(x) � 0
B(x) � 0.
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Minimizing the spectral norm of a matrix

minimize
x∈Rn

‖A(x)‖2

minimize
γ∈R, x∈Rn

γ

subject to
[

γI A(x)
AT(x) I

]
� 0.

29 / 39



Minimizing the spectral norm of a matrix

minimize
x∈Rn

‖A(x)‖2

minimize
γ∈R, x∈Rn

γ

subject to
[

γI A(x)
AT(x) I

]
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Logarithmic Chebyshev approximation

Solving
Ax ≈ b

so that the ‖.‖∞ is minimized.
That is, solve the optimization problem

min
x

max
i
|A(i ,:)x− bi |

In some application it is more suitable to work in logarithmic scales

min
x

max
i

∣∣∣log(A(i ,:)x)− log(bi)
∣∣∣
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Generalized eigenvalue problem (GEVP)

minimizeλ

subject to

F1(X1,X2, . . . ,Xk)− λF2(X1,X2, . . . ,Xk) ≺ 0
F2(X1,X2, . . . ,Xk) � 0
F3(X1,X2, . . . ,Xk) � 0

Is quasiconvex.

31 / 39



Generalized eigenvalue problem (GEVP)

minimizeλ

subject to

F1(X1,X2, . . . ,Xk)− λF2(X1,X2, . . . ,Xk) ≺ 0
F2(X1,X2, . . . ,Xk) � 0
F3(X1,X2, . . . ,Xk) � 0

Is quasiconvex.

31 / 39



Ex.: upper bound on µ (structured singular value, SSV).

For a given matrix M, find a diagonal matrix D such that
‖DMD−1‖2 is minimized.
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S-procedure

Does there exist a solution x to the quadratic inequality

F0(x) := xTA0x + 2bT
0 x + c0 ≥ 0

for all x satisfying another quadratic inequality

F1(x) := xTA1x + 2bT
1 x + c1 ≥ 0?

We can consider just one inequality

F1(x)− τF2(x) ≥ 0

for some τ ≥ 0.
(Showing sufficiency easy, necessity for two inequalities difficult.
For more inequalities somewhat conservative.)
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Projection lemma (also Elimination lemma

Consider the inequality in two variables X and Λ

Ψ(X) + G(X)ΛHT(X) + H(X)ΛTGT(X) ≺ 0

and note that G and H are not functions of Λ.
Denote NG and NH matrices whose columns are bases of nullspace
of G and H, respectively.
Then the original LMI is solvable iff

NT
GΨ(X)NG ≺ 0

NT
HΨ(X)NH ≺ 0
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Ex.: application of projection lemma to state feedback
stabilization

Find (if possible) X � 0 such that

(A + BK)TX + X(A + BK) ≺ 0.

Using substitution, modify as

YAT + AY + YKTBT + BKY ≺ 0

It is equivalent to

NT
B (YAT + AY)NB ≺ 0

NT
I (YAT + AY)NI ≺ 0

However, NI = 0, hence the second equation can be omitted.
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Positive real lemma
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Bounded real lemma
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Linear parameter varying (LPV) synthesis
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